We study a four-dimensional low-energy effective field theory derived from extra dimensional field theories with general gauge backgrounds. We find that products among fermionic zero-modes and lightest scalar modes are expanded by other fermionic zeromodes and lightest scalar modes. Using this aspect, we show that higher-order couplings among the fermionic zero-modes and the lightest scalar mode can be decomposed into three-point couplings. This selection rule originating from a structure of the Dirac-type operators indicates the operator product expansion the underlying conformal field theory. *
Introduction
The Standard model (SM) is the most successful model of particle physics. However, the origin of the structures of the SM is a mystery. In particular, the hierarchical Yukawa couplings of quarks and leptons would suggest new physics beyond the SM.
From this point, extra dimensional field theories are important. Indeed, superstring theory requires a six-dimensional space as an extra dimensional space and background curvatures play an important role in deriving the structure of the SM. For example, we can realize a chiral four-dimensional effective field theory having a generation structure by introducing constant magnetic fluxes in extra dimensions. These models including computations of Yukawa couplings are considered on torus [1] , complex projective spaces [2] and a four-cycle in a conifold [3] as well as toroidial orbifolds [4, 5, 6] .
However, the concrete computations of Yukawa couplings (three-point couplings) and higher-order couplings are difficult on a general extra dimensional space. In some cases, techniques of differential geometry and algebraic geometry are useful for three-point couplings, but the calculation of higher-order couplings are not fully understood. Higherorder couplings are actually constrained by experiments, for instance, the unobservable proton decay. Therefore, it is important to obtain clues for computing higher-order couplings on extra dimensions. This is the purpose of this paper.
In magnetized toroidal compactifications, it is known that the lightest mode solutions of Dirac-type equations have the structure that are similar to an operator product expansion in conformal field theory [1, 7] . We focus on this structure. We show that this structure is satisfied on compact spin manifolds with arbitrary gauge backgrounds and obtain a selection rule for higher-order couplings.
The organization of this paper is as follows. In Sec. 2, we explain our set-up based on Refs. [1, 2] . In Sec. 3, we explain the structure of the lightest mode solutions of Dirac-type equations, then we obtain the selection rule for higher-order couplings. In Sec. 4 , we discuss applications of our results to string theory. Sec. 5 contains conclusions and discussions. In Appendix A, we consider the torus and the complex projective space as the examples of computing the selection rule. 2 
Set-up
Let us consider a D = 4 + d dimensional field theory with an arbitrary gauge group. In order to obtain a four-dimensional theory at low energies, this theory should be compactified on a d-dimensional compact manifold M d . In this paper, we assume that M d is a compact spin manifold. The internal wavefunctions of fermions and scalars can be obtained by the eigenfunctions of the internal wave operators
where ψ n and φ n are internal fermions and scalars labeled by the Kaluza-Klein level n, and m n and M n denote their masses. From the spectral theory, these eigenfunctions are complete orthonormal systems for bosons and fermions, respectively. Therefore, Ddimensional fields admit the following decomposition
where x µ (µ = 0, ..., 3) and y i (i = 4, ..., D −1) are the coordinates of the non-compact and the internal space, respectively. In this paper, we assume that the above mode expansions are consistent with boundary conditions depending on the topology of internal spaces, e.g., the twisted bundle on a torus. The mode expansions are also applicable not only to smooth manifolds, but also to orbifolds when we impose appropriate boundary conditions.
From the phenomenological point of view, we are interested in massless fermions in four-dimensional theory. In the above compactified theory, the eigenvalues in eqs. (1) and (2) play roles of four-dimensional masses. Therefore, we focus on the zero-mode solutions (n = 0) of eq. (1). In the following, we omit the subscript n = 0.
In this paper, we assume that the equation of motion of a scalar field φ is
where g ij is the inverse of the metric of M d and D i are gauge-covariant derivatives, e.g.,
In general, the difference between left-hand side of eq. (3) and the Laplacian is just a constant factor depending on the field strength. Therefore, Typically, the conditions reduce to D z i φ = 0 if we introduce the complex coordinates z i .
In the following analysis, we thus restrictive ourselves to the Dirac-type equation
where the indices i are the real (complex) coordinate in odd (even)-dimensional manifolds.
In addition, we assume that the equation of motion of a vector field is essentially the same as that of a scalar field. As discussed in Refs. [1, 2] , the equation of motion for vectors in the internal space Φ ab i is given by
which has a particular solution DīΦ ab i = 0 if the contribution from the field strength and the Ricci tensor is a constant as a whole: 2iF
This situation is realized on the torus [1] , complex projective spaces [2] and internal four-cycle in the conifold [3] .
In the next section, for demonstrations, we consider Dirac-type equations of adjoint matter fields with U(N) gauge backgrounds 1 , i.e.,
1 For semi-realistic models (c.f., [8] ), the Abelian magnetic fluxes are useful. This background corresponds to the case where each block matrix of eq. (6) is proportional to the identity matrix, i.e.,
where a a i (y) (a = 1, ..., m) is a function of internal coordinates. In this case, it suffices to consider each block matrix. In fact, the Dirac equations can be simplified to that of each block matrix. 
As above, the solutions of eq. (7) constitute a complete orthonormal system. Therefore, the product ψ 
where t 1 We assume that the inner product is defined by (Φ, Ψ) :
† · Ψ where the product Φ † · Ψ includes with respect to the gauge group (and the spinor if Φ and Ψ are spinors). In this case, the complete orthonormal systems are obtained by
where s, s ′ correspond to the spin indices and the indices of Kronecker deltas are those of the gauge group acting on ψ A and φ A . Therefore, the right hand sides of eqs. (11) and (12) 
In this case, we can obtain zero-mode solutions of D A+A ′ by considering the product of
Therefore, the product φ
Similarly, it is found that
If zero-mode solutions are proportional to the identity matrix, eqs. (17) and (18) can be extended to an arbitrary gauge group.
We give some remarks. (i) We should interpret the lightest mode product expansions (13)- (18) In the following, we show that three-point couplings and higher-order couplings of the lightest modes in a four-dimensional theory can be constructed from s 
Three-point couplings
In general, four-dimensional Lorentz symmetry requires couplings consisting of even number fermions. Therefore, we compute boson-boson-boson and boson-fermion-fermion couplings of the lightest modes.
• boson-boson-boson
where we used eqs. (9) and (14).
• boson-fermion-fermion
where we used eqs. (10) and (13).
In both cases, the three-point couplings can be computed from the expansion coefficients in eqs. (14) and (13).
Four-point couplings
In this subsection, we show that four-point couplings can also be obtained by the expansion coefficients in eqs. (14) and (13) .
• boson-boson-boson-boson
where we used the orthogonality between the eigenmodes in the fifth line and we firstly used eq. (12) 
where we firstly used eq. (12) 
The structure of b HIJK is similar to a four-point function in conformal field theory, e.g., degenerations of Riemann surfaces. In the language of scattering processes, this alteration corresponds to the crossing symmetry between s-channel and t-channel ( fig. 1 ).
We expect that we can derive u-channel ( fig. 2) . In an Abelian background case, we can show the exchanging symmetry between s-channel and u-channel. In a non-Abelian (y). In this case, we can insert both eqs. (11) and (12) . In other words, we compute
where we used the orthogonality between the eigenmodes to obtain eqs. (22) and (23).
Eq. (23) must be equal to eq. (22), i.e., we obtain the relation,
Eq. (24) indicates that there are some relationships between the expansion coefficients in eqs. (14) and (13).
• fermion-fermion-fermion-fermion
In general, it is difficult to obtain the product of the zero-mode fermion and the higher mode boson. If we introduce three-point couplings including two zero-mode fermions and one higher-mode boson, i.e., 
n-point couplings
As mentioned above, four-dimensional Lorentz symmetry requires couplings consisting of even number fermions. Therefore, it suffices to calculate
From calculations similar to the previous subsections, eq. (27) can be reduced to a (i + 2j) − 1-point coupling, i.e.,
four-point couplings.
From the above, we can define the selection rule for higher-order couplings among the lightest modes : Higher-order couplings can be decomposed into three-point couplings.
In the above subsections, we computed only the overlap integral part of n-point couplings. The actual n-point couplings are obtained from the above computations multiplied by the coupling constants of a gauge group or a sign comes from spin statistics. In
Appendix A, we show concrete computations for the torus with the Abelian background and the complex projective space with the Abelian background based on Refs. [7] and [2] , respectively.
Higher-dimensional operators in string theory
In the following, we assume that the relationship between higher-order couplings and three-point couplings in Sec. 3 holds for bosonic and fermionic zero-modes.
Higher-dimensional operators on Calabi-Yau background
We first study global models, represented by the heterotic string on Calabi-Yau (CY) threefolds. Even though the CY metric is unknown, it is known that the three-point couplings among zero-modes, corresponding to the cohomology H q (CY, C i ) with internal bundles C i , have selection rules in the large volume limit of CY [12, 13] ,
Such a cohomology ring corresponds to chiral rings in the conformal field theory [14, 15, 16] , which are protected not only by the gauge symmetries, but also by the topology of CY threefolds.
As discussed in a previous section, the higher-dimensional operators have also selection rules similar to the three-point couplings. For example, the four-point coupling
13
have
where c pqt is expected to the three-point coupling
We will postpone the explicit check of the above ring structure in the underlying conformal field theory for a future analysis.
D7-brane configuration
To apply the selection rule to string model building, let us remark the equations of motion for scalar degrees of freedom with an emphasis on a specific D-brane setup. In contrast to global models in the previous section, this setup corresponds to local models.
In the type IIB string theory, D-branes (e.g., D7-branes) wrap a cycle inside the Calabi-Yau (CY) manifold. When the cycle has a nontrivial normal bundle, we have to take into account the "twisting" in the equations of motion for bosons and fermions. In the following, we explain their effects, focusing on the D7-branes with gauge group U(N) in more details.
After the Kaluza-Klein decomposition of higher-dimensional gauge fields on the For that reason, the equations of motion for the scalar degrees of freedom is deter-14 mined by D i φ = 0 on the supersymmetric gauge background. Our knowledge about the zero-mode wavefunctions is limited on the torus [1] , complex projective spaces [2] , internal four-cycle in the conifold [3] and warped backgrounds [9, 10, 11] . On such backgrounds, we can explicitly check the relationship between higher-order couplings and three-point couplings presented in Sec. 3. (See for Appendix A in more details.) It is thus interesting to explicitly check the selection rules in Sec. 3 by computing the zero-mode wavefunctions on more general extra-dimensional spaces.
Conclusion and Discussion
In this paper, we studied the properties of the four-dimensional effective field theories from extra dimensional field theories. Especially, we focused on the relationship between three-point and higher-order couplings.
In Sec. 3, we found the selection rule for higher-order couplings from the structure of the lightest mode solutions of the Dirac-type equations. The basic structure is similar to the operator product expansion in conformal filed theory. In Sec. 4, we considered the application of the selection rule in string theory. We mentioned the possibility of calculating higher order couplings on a CY background since our results are valid in a curved space.
Following our arguments, the structure of the higher-dimensional operators, such as flavor structure, CP phase and moduli dependence, is governed by that of the threepoint couplings without calculating the higher-dimensional operators themselves. Note that the higher-dimensional operators build out of the three-point couplings, protected by the gauge symmetries and higher-dimensional Lorentz symmetry in the effective action.
The higher-dimensional operators with derivatives are also governed by the three-point couplings, e.g., the coefficient of χχ|D µ ξ| 2 is the same as that of χχ|ξ| 2 . We now suppose that the derivative couplings χχ|D µ ξ| 2 is originating from the higher-dimensional one
In particular, let us consider SU(2) L × U(1) Y invariant dimension 5 operator in the SM, namely the Weinberg operator
where Λ denotes the certain cutoff scale. When the ultra violet completion of the SM is the higher-dimensional theory, the dimensionless coupling of the Weinberg operator is given by y lHlH ∝ y lνH y lνH , using the Yukawa couplings in the lepton sector y lνH . Thus, it is interesting to discuss the possible higher-dimensional operators in the four-dimensional effective field theory of the SM and/or its extension. We would report on more concrete applications in a future paper.
It is interesting why conformal field theoretical structure appears without the assumption of conformal symmetry. Its reason would be the conformal covariance of Diractype operators (c.f., [17] ). This issue would be studied elsewhere. 
A Examples
As discussed in this paper, the three-point and higher-order couplings among the lightest modes are constructed from s A IJK and t A IJK . In this Appendix, we derive their explicit forms using the wavefunction of fermions and scalars on the torus and complex projective space with abelian fluxes.
A.1 T 2 with the Abelian fluxes
Let us consider the toroidal compactifications of six-dimensional N = 1 supersymmetric Yang-Mills (SYM) theory with U(N) gauge group. In this case, the concrete computations have been already done in [7] . Therefore, we only show the results based on Ref. [7] .
On the torus, which is characterized by the complex structure τ and the area A = (2πR) 2 , the magnetic flux is quantized as a consequence of single valuedness of the wavefunctions, Imτ
where z is the complex coordinate of the torus, 1 Na are the N a × N a identity matrix and m a are integers. This background breaks the gauge symmetry from U(N) to n a=1 U(N a ) where N = n a=1 N a . The internal components of the fermion can be decomposed
where Since the spin connection vanishes on the torus, the functional form of the fermionic zero-mode solutions is the same with that of the bosonic lightest mode solutions. Therefore, the product expansions (13) and (14) are the same, and it is sufficient to focus on the product structure of the Jacobi theta function.
The product rule of Jacobi theta function is obtained in [18] : In the effective Lagrangian of SYM theory, the product of wavefunctions appears as n b=1 ψ NaN b (z)ψ N b Nc (z). Therefore, we can compute the product of the wavefunctions by using the product rule :
Then, the expansion coefficient for the ac-block component becomes In this case, since the lightest mode scalars can be written by the zero-mode fermions and the orthogonality is assured, it is not necessary to introduce the Yukawa couplings among the two zero-mode fermions and one Kaluza-Klein mode (26).
A.2 Matter fields in the fundamental representation on P
1
In Ref. [2] , the authors considered the zero-mode fermions and the lightest mode bosons in U(1) fundamental representation on P 1 . The set-up of Ref. [2] corresponds to another interesting result with respect to U(1) fundamental representation. In this part, we compute the expansion coefficients (17) and (18) based on Ref. [2] .
The metric of P 1 , which is known as the Fubini-Study metric, is given by
We can compute the spin connection,
